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EXISTENCE AND LOCAL UNIQUENESS OF BUBBLING SOLUTIONS
FOR POLY-HARMONIC EQUATIONS WITH CRITICAL GROWTH
YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN
Abstract. We consider the following poly-harmonic equations with critical exponents :
(−∆)mu = K(y)u
N+2m
N−2m , u > 0 in RN , (0.1)
whereN > 2m+2,m ∈ N+,K(y) is positive and periodic in its first k variables (y1, · · · , yk),
1 ≤ k < N−2m
2
. Under some conditions on K(y) near its critical point, we prove not only
that problem (0.1) admits solutions with infinitely many bubbles, but also that the bub-
bling solutions obtained in our existence result are locally unique. This local uniqueness
result implies that some bubbling solutions preserve the symmetry of the scalar curvature
K(y).
1. Introduction
We consider the following poly-harmonic equations with critical exponent:
(−∆)mu = K(y)u
N+2m
N−2m , u > 0 in RN , (P )
where N > 2m+ 2, m ∈ N+, and K(y) is a bounded positive smooth function.
When m = 1, problem (P ) is the prescribed scalar curvature problem in RN . It is also
well-known that a solution of the following problem:{
−∆u = K(y)u
N+2
N−2 , u > 0 in RN ,
u ∈ D1,2(RN),
(1.1)
solves the prescribed scalar curvature problem on SN .
From the Pohozaev identity, it is easy to see that problem (1.1) does not always admit a
solution. We are interested in the sufficient conditions on K(y), under which (1.1) admits a
solution. In the last three decades, there have been considerable interests in the existence
and multiplicity of solutions for problem (1.1) under some suitable assumptions on the
function K(y). See for example, [1], [7], [21], [36] and the references therein. When K(y)
is positive and periodic, by gluing approximation solutions into genuine solutions which
concentrate at some isolated maximum points of the functionK(y), Li [21], [22], [23] proved
that (1.1) has infinitely many multi-bubbling solutions for N ≥ 3 (see [36] for the more
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general results). When K(y) is a positive radial function with a strict local maximum at
|x| = r0 > 0 and satisfies
K(r) = K(r0)− c0|r − r0|
β +O(|r− r0|)
β+θ, r ∈ (r0 − δ, r0 + δ),
for some constants c0 > 0, β ∈ [2, N − 2), and small constants θ > 0, δ > 0, Wei and
Yan [35] constructed solutions for (1.1) with large number of bubbles concentrating near
the sphere |x| = r0 for N ≥ 5. Very recently, Li, Wei and Xu [26] proved the existence of
solutions with infinitely many bubbles for problem (P ), where the centers of the bubbles
can be placed on all the k-dimensional lattice points with k < N−2
2
. Moreover, they
showed that the dimension restriction is optimal. For other related problems with critical
exponents, we refer to [1], [2], [5], [7], [13], [21], [24], [27], [28], [33] and references therein.
In recent years, the poly-harmonic operators have found considerable interest. For in-
stance, when m = 2, problem (P) is related to the Paneitz operator, which was introduced
by Paneitz [30] for smooth 4 dimensional Riemannian manifolds and was generalized by
Branson [6] to smooth N dimensional Riemannian manifolds. We refer the reader to the
papers [10], [3], [4], [15], [16], [18], [19], [20], [31], [32], and the references therein, for var-
ious existence results on the poly-harmonic operators and related problems. One can see
from these papers that the poly-harmonic operator presents new and challenging features
compared with the Laplace operator. To the best of our knowledge, not much is obtained
for the existence and the properties of bubbling solutions for elliptic problems involving
poly-harmonic operators and critical exponents.
The aim of this paper is two-fold. Firstly, we will construct solutions with infinitely
many bubbles for problem (P ) under some more reasonable conditions than those in [26].
Secondly, we will study the properties of the bubbling solutions for problem (P ), especially,
the periodicity property of these bubbling solutions. The problem for the symmetry of the
bubbling solutions is independently interesting and is harder to study than the existence.
Obviously it can not be solved by the methods of moving plane. Instead, we will attack it
by studying the local uniqueness of a sequence of bubbling solutions via various Pohozaev
identities. Note that for general integer m > 0, it is impossible to estimate each term
appearing in the Pohozaev identities. Thus, a better understanding of the Pohozaev iden-
tities is essential in the proof of our local uniqueness result, which, we believe, will be very
useful in the study of other related problems.
We assume that K(x) satisfies the following conditions:
(A1) 0 ≤ infRN K(x) < supRN K(x) <∞;
(A2) K ∈ C
1(RN) is 1-periodic in its first k variables;
(A3) 0 is a critical point of K and there exists some real numbers β ∈ (N − 2m,N) such
that for all |x| small, it holds
K(x) = K(0) +
N∑
i=1
ai|xi|
β +R(x),
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whereK(0) > 0, ai 6= 0,
∑N
i=1 ai < 0, R(x) is C
[β],1(RN) near 0 and
∑[β]
s=0 |∇
sR(x)||x|−β+s =
O(|x|θ) for some θ > 0 as x tends to 0, where C [β],1 means that up to [β] derivatives are
Lipschitz functions, [β] denotes the integer part of β, ∇s denotes all the partial derivatives
of order s.
To state the main results of this paper, we need to introduce some notations first. For
any integer k ∈ [1, N ], we define k-dimensional lattice by:
Qk := {all the integer points in R
k × {0} ⊂ RN}, where 0 ∈ RN−k.
In this paper, we always assume that k < N−2m
2
. Take any sequence of integers P˜j ∈ Qk,
satisfying P˜i 6= P˜j for i 6= j. It is easy to check∑
i 6=j
1
|P˜i − P˜j|τ
< +∞, ∀ j,
where τ = N−2m
2
−ϑ, ϑ > 0 is a fixed small constant. With this choice of ϑ, we have τ > k.
The condition we impose on the choice of the points P˜j ∈ Qk is the following:
max
j
∑
i 6=j
1
|P˜i − P˜j|τ
≤ Cmin
j
∑
i 6=j
1
|P˜i − P˜j|τ
< +∞. (1.2)
Let L > 0 be a large integer. Denote Pj = P˜jL. We are going to construct a bubbling
solution, concentrating at Pj, j = 1, 2, · · · . For this purpose, we take xj,L, which is close
to Pj , µj,L > 0 large, and define
Uxj,L,µj,L(y) = C˜m
µ
N−2m
2
j,L
(1 + µ2j,L|y − xj,L|
2)
N−2m
2
with C˜m =
(
∐m−1h=−m(N+2h)
)N−2m
4m . Note that U0,1 is the unique solution (up to a translation
and a scaling) to the problem (see [34]):
(−∆)mu = u
N+2m
N−2m , u > 0 in RN .
Similar to [26], we define the following norms:
‖φ‖∗ = sup
y∈RN
(
σ(y)
∞∑
j=1
µ
N−2m
2
j,L
(1 + µj,L|y − xj,L|)
N−2m
2
+τ
)−1
|φ(y)|, (1.3)
‖f‖∗∗ = sup
y∈RN
(
σ(y)
∞∑
j=1
µ
N+2m
2
j,L
(1 + µj,L|y − xj,L|)
N+2m
2
+τ
)−1
|f(y)|, (1.4)
where σ(y) = min{1,min∞i=1(
1+µi,L|y−xi,L|
µi,L
)τ−1}, and τ > k is the same constant as in (1.2).
In the following of this paper, we will also use the same notation ‖ · ‖∗ and ‖ · ‖∗∗ if the
sum in (1.3) or (1.4) is from 1 to n.
Our first result is the following.
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Theorem 1.1. Suppose that K satisfies the conditions (A1), (A2) and (A3). Assume that
N > 2m + 2, 1 ≤ k < N−2m
2
, and the sequence Pj = P˜jL satisfies (1.2). Then, problem
(P ) has a solution uL, satisfying
||uL −
∞∑
i=1
Uxi,L,µi,L||∗ = oL(1), (1.5)
for some xi,L and µi,L, with
xi,L = Pi + oL(1) (1.6)
and
µi,LL
− N−2m
β−N+2m = O(1), (1.7)
where oL(1)→ 0 as L→ +∞.
Note that (1.7) implies
µ0 ≤
µi,L
µj,L
≤ µ′0, ∀ i, j, (1.8)
for some constants µ′0 > µ0 > 0 which are independent of L.
To discuss the symmetry properties of the solutions obtained in Theorem 1.1, we proceed
with the following local uniqueness result for the bubbling solutions of (P ).
Theorem 1.2. Under the same assumptions as in Theorem 1.1, if u
(1)
L and u
(2)
L are two
sequence of solutions of problem (P ), which satisfy (1.5), (1.6) and (1.8), then u
(1)
L = u
(2)
L
provided L > 0 is large enough.
Local uniqueness is an important topic in the study of elliptic partial equations. Theo-
rem 1.2 can be used to study the properties of the bubbling solutions. A direct consequence
of this result is the following periodicity property of the solutions.
Theorem 1.3. Under the same assumption as in Theorem 1.1, if {P˜j : j = 1, 2, · · · } =
Qk, and uL is a solution of (P ), which satisfies (1.5), (1.6) and (1.8), then uL is L−periodic
in yj, j = 1, 2, · · · , k, provided L > 0 is large enough.
The construction of bubbling solutions for (P ) is somewhat standard. So in this paper,
we will be a bit sketchy in the proof of Theorem 1.1. Our main contribution to the existence
result is to find a more suitable condition (1.2) for P˜j in order to construct a bubbling
solution blowing at the given set {Pj = LP˜j : j = 1, 2, · · · }. Condition (1.2) shows that
it is not necessary to take all the lattice point Qk to form the set {P˜j : j = 1, 2, · · · }. Of
course, if we take all the points in Qk, then (1.2) holds.
In order to prove the local uniqueness result, we will use various kinds of local Pohozaev
identities. Note that in the case of m = 1 (studied in [14]), each integral appearing in the
local Pohozaev identities can be calculated or estimated. However, we can not follow the
same procedure as in [14] for general integer m > 0, because the number of the integrals
appearing in the local Pohozaev identities approaches to infinity as m → +∞. To make
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the things even worse, it seems impossible to give a precise local Pohozaev identities for
general m. Thus, a better understanding of all those local Pohozaev identities plays an
essential role in the proof of Theorem 1.2. See the discussions in Section 3.
Note that in [35, 14], the center of the bubbles lies in a one dimensional space. When
the center of the bubbles lies in a k dimensional space, technical difficulties occur in the
study of both the existence and the local uniqueness of the bubbling solutions. For the
existence, these difficulties were overcome in [26] by introducing the weight function σ in
the norms defined in (1.3) and (1.4). For the local uniqueness, it seems that the key lemma
in [14] does not hold anymore if k is large. So new estimates need to be developed to deal
with this case.
Let point out that we can replace (A2) by the following condition: K ∈ C
1(RN) is li-
periodic in yi, i = 1, · · · , k, for some li > 0. Under this new condition, we just need to
define Qk as follows:
Qk := {(j1l1, · · · , jklk, 0) ∈ R
k × {0} ⊂ RN , for all integers ji, i = 1, · · · , k}.
The paper is organized as follows. In section 2, we study the existence of bubbling
solutions. Section 3 is devoted to the discussion of the local uniqueness and periodicity
of a sequence of bubbling solutions. In Appendix A, some basic estimates are proved,
while in Appendix B, we compute the formula for the asymptotic energy expansion. Some
estimates of the error term are given in Appendix C. In Appendix D, we give some basic
lemmas in algebra, which will be used in the proof of our existence and local uniqueness
results.
2. Existence of solutions with infinitely many bubbles
In this section, we will prove Theorem 1.1. To this end, we firstly construct a bubbling
solutions blowing-up at finite points {P1, · · · , Pn}. Throughout this paper, we define m
∗ =
2N
N−2m
.
Theorem 2.1. Suppose that K satisfies the conditions (A1), (A2) and (A3). Assume that
N > 2m + 2, 1 ≤ k < N−2m
2
, and the sequence {P˜j : j = 1, · · · , n} satisfies (1.2), where
the constant C is independent of n. Then, problem (P ) admits a solution un,L, satisfying
||un,L −
n∑
i=1
Uxn,i,L,µn,i,L ||∗ = oL(1), (2.1)
for some xn,i,L and µn,i,L, with xn,i,L = Pi + oL(1) and µn,i,LL
− N−2m
β−N+2m ≤ C, where C > 0
is independent of n, and oL(1)→ 0 uniformly in n as L→ +∞.
2.1. Linearization and finite dimensional reduction. For i = 1, · · · , n, let xi ∈
B1(Pi), µi > 0. Set x = (x1, · · · , xn) and µ = (µ1, · · · , µn) satisfying 0 < µ0 < µi/µj <
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µ′0 < +∞. For simplicity, we denote Uxi,µi(x) by Ui(x), i = 1, 2, · · · , n. Let
Zi,j = ξ(y − xi)
∂Ui
∂xi,j
, Zi,N+1 = ξ(y − xi)
∂Ui
∂µi
, j = 1, · · · , N, i = 1, · · · , n,
where ξ ∈ C∞0 (B2(0)) satisfying ξ(y) = ξ(|y|), ξ = 1 in B1(0), and ξ = 0 in R
N \ B2(0).
The purpose of using the cut-off function ξ above is just to make the calculations simpler.
We define the function spaces X and Y as follows: φ ∈ X if ‖φ‖∗ < +∞, while f ∈ Y
if ‖f‖∗∗ < +∞. Set
Hn :=
{
φ : φ ∈ X,
∫
RN
φU
4m
N−2m
i Zi,j = 0, i = 1, · · · , n, j = 1, · · · , N + 1
}
. (2.2)
Let Wn(y) =
∑n
i=1 Ui(y), φ ∈ Hn. We want to find a solution of the form Wn(x) + φ(x)
for (P ) with ‖φ‖∗ small. To achieve this goal, we first prove that for fixed (x, µ), there
exists a smooth function φ ∈ Hn, such that
(−∆)m(Wn(x) + φ(x))−K(y)(Wn(x) + φ(x))
m∗−1
+ =
n∑
i=1
N+1∑
j=1
cijU
m∗−2
i Zi,j (2.3)
for some constants cij . Then, we show the existence of (x, µ), such that∫
RN
(−∆)m(Wn(x) + φ(x))Zi,j −
∫
RN
K(y)(Wn(x) + φ(x))
m∗−1
+ Zi,j = 0. (2.4)
With this (x, µ), it is easy to prove that all cij must be zero.
Part I: The Reduction. In this part, for fixed (x, µ), we find φ(x, µ), such that ||φ||∗
is C1 in (x, µ) and (2.3) holds. In fact, we will use the contraction mapping theorem to
prove the following result.
Proposition 2.2. Under the assumptions of Theorem 1.1. If L > 0 is sufficiently large,
(2.3) admits a unique solution φ = φ(x, µ) in Hn such that ||φ||∗ ≤
C
µ¯min(
N+2m
2 −τ,β−τ+1)
, where
µ¯ = min(µ1, · · · , µn). Moreover ||φ||∗ is C
1 in (x, µ).
Firstly, we consider the following linear problem:
(−∆)mφ− (m∗ − 1)K(y)Wm
∗−2
n φ = h +
n∑
i=1
N+1∑
j=1
cijU
m∗−2
i Zi,j, (2.5)
for some constants cij , where h is a function in Y.
Lemma 2.3. Suppose that φ solves (2.5). Then ‖φ‖∗ ≤ C‖h‖∗∗, for some constant C > 0,
independent of n.
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Proof. We can write
φ(y) =(m∗ − 1)
∫
RN
Cm
|z − y|N−2m
K(z)Wm
∗−2
n (z)φ(z) dz
+
∫
RN
Cm
|z − y|N−2m
(
h(z) +
n∑
i=1
N+1∑
j=1
cijU
m∗−2
i (z)Zi,j(z)
)
dz.
(2.6)
Using Lemma A.2, we have
∫
RN
Cm|h(z)|
|z − y|N−2m
dz ≤ C‖h‖∗∗
∫
RN
σ(z)
|y − z|N−2m
∑
j
µ
N+2m
2
j
(1 + µj|z − xj |)
N+2m
2
+τ
dz
≤ C‖h‖∗∗σ(y)
∑
j
µ
N−2m
2
j
(1 + µj|y − xj |)
N−2m
2
+τ
,
(2.7)
and ∣∣∣∫
RN
Um
∗−2
i Zi,j
|y − z|N−2m
dz
∣∣∣ ≤ C ∫
RN
1
|y − z|N−2m
µ
α(j)+N+2m
2
i
(1 + µi|z − xi|)N+2m
dz
≤
Cµ
α(j)+N−2m
2
i
(1 + µi|y − xi|)
N−2m
2
+τ
,
(2.8)
where α(j) = 1, j = 1, · · · , N , α(N + 1) = −1.
To estimate cij , we use (2.5) to find
− cij
∫
RN
Um
∗−2
i Z
2
ij =
∫
RN
(
(m∗ − 1)K(y)Wm
∗−2
n φ+ h
)
Zi,j. (2.9)
But ∣∣∣∫
RN
hZi,j
∣∣∣ ≤ Cµα(i)i ‖h‖∗∗, (2.10)
and (see (A.19))∫
RN
K(y)Wm
∗−2
n φZi,j
=
∫
RN
K(y)
(
Wm
∗−2
n − U
m∗−2
i
)
φZi,j +
∫
RN
(
K(y)− 1)Um
∗−2
i φZi,j +
∫
RN
Um
∗−2
i φZi,j
=µ
α(i)
i ‖φ‖∗O
( 1
µ
min(N+2m
2
−τ,β)
i
+
1
µN−2mi L
N−2m
)
,
(2.11)
which, together with (2.9) and (2.10), gives
|cij| ≤ C
(
||h||∗∗ + o(1)||φ||∗
)
µ
−α(j)
i . (2.12)
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Combining Lemma A.4, and (2.7)–(2.12), we are led to
|φ(y)|
(
σ(y)
∑
i
µ
N−2m
2
i
(1 + µi|y − xi|)
N−2m
2
+τ
)−1
≤ C
(
||h||∗∗ + o(1)||φ||∗ +
∑
j
1
(1+µj |z−xj|)
N−2m
2 +τ+θ˜∑
j
1
(1+µj |z−xj |)
N−2m
2 +τ
||φ||∗
)
.
(2.13)
We can finish the proof of this lemma by using (2.13) as in [35]. 
Proof of Proposition 2.2 . Let P be the operator defined as follows:
Pf = f +
n∑
i=1
N+1∑
j=1
cijU
m∗−2
i Zi,j, f ∈ Y,
where cij are chosen such that
∫
RN
Zi,jPf = 0. Then it is easy to check that
‖Pf‖∗∗ ≤ C‖f‖∗∗.
In view of Lemma 2.3, by the Fredholm alternative thoerem, for any h ∈ Y, (2.5) has a
unique solution Ah ∈ Hn.
Equation (2.3) is equivalent to
φ = A[P (N(φ))] + A[P lL], φ ∈ Hn, (2.14)
where
N(φ) = K(y)
((
Wn + φ
)m∗−1
+
−Wm
∗−1
n − (m
∗ − 1)Wm
∗−2
n φ
)
, (2.15)
and
lL = K(y)W
m∗−1
n −
n∑
j=1
Um
∗−1
j . (2.16)
Then, we can use the contraction mapping theorem as in [35] to prove that for large L > 0,
(2.14) has a solution φ ∈ Hn, satisfying
‖φ‖∗ ≤ C‖lL‖∗∗.
Using Lemma A.6, we obtain the estimate for ‖φ‖∗. 
Part II: The Finite Dimensional Problems. Note that for any γ > 1, we have
(1 + t)γ+ − 1 − γt = O(t
2) for all t ∈ R if γ ≤ 2; and |(1 + t)γ+ − 1 − γt| ≤ C(t
2 + |t|γ) for
all t ∈ R if γ > 2. So, we can deduce∫
RN
(−∆)m(Wn(x) + φ(x))Zi,j −
∫
RN
K(y)(Wn(x) + φ(x))
m∗−1
+ Zi,j
=
∫
RN
(−∆)mWn(x)Zi,j −
∫
RN
K(y)Wn(x)
m∗−1Zi,j
+ (m∗ − 1)
∫
RN
K(y)Wm
∗−2
n Zi,jφ+ µ
α(j)
i O
(
(µ1−τi ‖φ‖∗)
2
)
.
(2.17)
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It follows from Lemmas B.2 and B.3, Proposition 2.2, (2.11) and (2.17) that (2.4) is
equivalent to
xj − Pj = O(
1
µ¯2
), (2.18)
and ∑
i 6=j
C4
(µiµj)
N−2m
2 |Pi − Pj|N−2m
−
C3
µβj
= O(
1
µ¯β+1
), j = 1, · · · , n, (2.19)
where µ¯ = mini µi.
2.2. Proof of the existence theorems.
Proof of Theorem 2.1. We need to solve (2.18) and (2.19). Note that
1
|Pi − Pj|N−2m
=
1
|P˜i − P˜j|N−2mLN−2m
:=
dij
LN−2m
, i 6= j.
So, we can use Lemma D.1 to obtain the result.

Proof of Theorem 1.1. The proof of Theorem 1.1 follows from Theorem 2.1 by a limiting
argument, since we can easily shown that for any fixed L > 0 large, there exists some
constant C = C(L), independent of n, such that
un(x) ≤ C(L), ∀ x ∈ R
N . (2.20)
By elliptic estimate, for any R > 0, there exists a constant C2 = C2(L) independent of n,
such that ‖un(x)‖C2m(BR) ≤ C2(L), ∀ n = 1, · · · , which implies that (up to a subsequence,
still denoted by un) un → u in C
2m
loc (R
N), satisfying (−∆)mu = K(x)u
N+2m
N−2m
+ in R
N . Notic-
ing that u decays at direction yN , we can deduce from the potential theory for elliptic
equations that
u(x) =
∫
RN
K(y)
|y − x|N−2m
u+(y)
N+2m
N−2m ,
which also implies u > 0.

3. Local uniqueness and periodicity
In this section, we study the local uniqueness of the bubbling solutions for (P ). We
assume that conditions (A1)–(A3) hold. Suppose that u
(1)
L and u
(2)
L are two sequence of
solutions of (P ), which satisfy (1.5), (1.6) and (1.8). We will prove that u
(1)
L = u
(2)
L provided
L > 0 is large enough.
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3.1. Pohozaev type identities. Suppose that u and v are two smooth functions in a
given bounded domain Ω. In the section, we study the following two bi-linear functionals:
L1,i(u, v) =
∫
Ω
(
(−∆)mu
∂v
∂yi
+ (−∆)mv
∂u
∂yi
)
, i = 1, 2, ..., N, (3.1)
L2(u, v) =
∫
Ω
(
(−∆)mu
〈
y − x,∇v
〉
+ (−∆)mv
〈
y − x,∇u
〉)
. (3.2)
Proposition 3.1. For any integer m > 0, there exists a function fm,i(u, v), such that
L1,i(u, v) =
∫
∂Ω
fm,i(u, v). (3.3)
Moreover, fm,i(u, v) has the following form:
fm,i(u, v) =
2m−1∑
j=1
lj,i(∇
ju,∇2m−jv), (3.4)
where lj,i(∇
ju,∇2m−jv) is bi-linear in ∇ju and ∇2m−jv.
Proof. For m = 1, we use the integration by parts to find
L1,i(u, v) =−
∫
∂Ω
(∂u
∂ν
∂v
∂yi
+
∂v
∂ν
∂u
∂yi
)
+
∫
Ω
( ∂u
∂yj
∂2v
∂yj∂yi
+
∂v
∂yj
∂2u
∂yj∂yi
)
=−
∫
∂Ω
(∂u
∂ν
∂v
∂yi
+
∂v
∂ν
∂u
∂yi
)
+
∫
∂Ω
〈
∇u,∇v
〉
νi.
(3.5)
For any integer m > 1, we have∫
Ω
(
(−∆)mu
∂v
∂yi
+ (−∆)mv
∂u
∂yi
)
=−
∫
∂Ω
(∂(−∆)m−1u
∂ν
∂v
∂yi
+
∂(−∆)m−1v
∂ν
∂u
∂yi
)
+
∫
Ω
(∂(−∆)m−1u
∂yj
∂2v
∂yj∂yi
+
∂(−∆)m−1v
∂yj
∂2u
∂yj∂yi
)
=−
∫
∂Ω
(∂(−∆)m−1u
∂ν
∂v
∂yi
+
∂(−∆)m−1v
∂ν
∂u
∂yi
)
+
∫
∂Ω
(
(−∆)m−1u
〈
ν,∇
∂v
∂yi
〉
+ (−∆)m−1v
〈
ν,∇
∂u
∂yi
〉)
−
∫
Ω
(
(−∆)m−1u
∂∆v
∂yi
+ (−∆)m−1v
∂∆u
∂yi
)
.
(3.6)
If m = 2, then the last term in (3.6) becomes
−
∫
Ω
(
(−∆u)
∂∆v
∂yi
+ (−∆v)
∂∆u
∂yi
)
=
∫
∂Ω
∆u∆vνi,
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which gives ∫
Ω
(
(−∆)2u
∂v
∂yi
+ (−∆)2v
∂u
∂yi
)
=−
∫
∂Ω
(∂(−∆u)
∂ν
∂v
∂yi
+
∂(−∆v)
∂ν
∂u
∂yi
)
+
∫
∂Ω
(
(−∆u)
〈
ν,∇
∂v
∂yi
〉
+ (−∆v)
〈
ν,∇
∂u
∂yi
〉)
+
∫
∂Ω
∆u∆vνi.
(3.7)
We assume that the conclusion holds up tom−1, m ≥ 3. Take u1 = −∆u and v1 = −∆v.
Then
−
∫
Ω
(
(−∆)m−1u
∂∆v
∂yi
+ (−∆)m−1v
∂∆u
∂yi
)
=
∫
Ω
(
(−∆)m−2u1
∂v1
∂yi
+ (−∆)m−2v1
∂u1
∂yi
)
. (3.8)
Thus, by using the induction assumption, we can conclude that the result is true for any
m. 
Remark 3.2. From the the proof of Proposition 3.1, we can see that if Ω is a ball centered
at x, u and v are functions of |y − x|, then there exists a function f˜m(r), such that
fm,i(u, v) = f˜m(|y − x|)νi. As a result,
∫
∂Bd(x)
fm,i(u, v) = 0.
Proposition 3.3. For any integer m > 0, there exists a function gm(u, v), such that
L2(u, v) =
∫
∂Ω
gm(u, v)−
N − 2m
2
∫
Ω
(
v(−∆)mu+ u(−∆)mv
)
. (3.9)
Moreover, gm(u, v) has the following form:
gm(u, v) =
2m−1∑
j=1
l¯j(y − x,∇
ju,∇2m−jv) +
2m−1∑
j=0
l˜j(∇
ju,∇2m−j−1v), (3.10)
where l¯j(y − x,∇
ju,∇2m−jv) and l˜j(∇
ju,∇2m−j−1v) are linear in each component.
Proof. If m = 1, then using integration by parts, we obtain∫
Ω
(
(−∆u)
〈
y − x,∇v
〉
+ (−∆v)
〈
y − x,∇u
〉)
=−
∫
∂Ω
(∂u
∂ν
〈
y − x,∇v
〉
+
∂v
∂ν
〈
y − x,∇u
〉)
+
∫
∂Ω
〈y − x, ν〉〈∇u,∇v〉
−
N − 2
2
∫
∂Ω
(∂u
∂ν
v +
∂v
∂ν
u
)
+
N − 2
2
∫
Ω
(
v∆u+ u∆v
)
.
(3.11)
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For any integer m > 1, we have
∫
Ω
(
(−∆)mu
〈
y − x,∇v
〉
+ (−∆)mv
〈
y − x,∇u
〉)
=−
∫
∂Ω
(∂(−∆)m−1u
∂ν
〈
y − x,∇v
〉
+
∂(−∆)m−1v
∂ν
〈
y − x,∇u
〉)
+
∫
Ω
(∂((−∆)m−1u)
∂yj
∂v
∂yj
+
∂((−∆)m−1v)
∂yj
∂u
∂yj
)
+
∫
Ω
(∂((−∆)m−1u)
∂yj
〈
y − x,∇
∂v
∂yj
〉
+
∂((−∆)m−1v)
∂yj
〈
y − x,∇
∂u
∂yj
〉)
=−
∫
∂Ω
(∂(−∆)m−1u
∂ν
〈
y − x,∇v
〉
+
∂(−∆)m−1v
∂ν
〈
y − x,∇u
〉)
+
∫
∂Ω
(
(−∆)m−1u
〈
y − x,∇
∂v
∂ν
〉
+ (−∆)m−1v
〈
y − x,∇
∂u
∂ν
〉)
+
∫
∂Ω
(
(−∆)m−1u
∂v
∂ν
+ (−∆)m−1v
∂u
∂ν
)
− 2
∫
Ω
(
(−∆)m−1u∆v + (−∆)m−1v∆u
)
−
∫
Ω
(
(−∆)m−1u
〈
y − x,∇∆v
〉
+ (−∆)m−1v
〈
y − x,∇∆u
〉)
.
(3.12)
Letting m = 2 in (3.12), we obtain
∫
Ω
(
(−∆)2u
〈
y − x,∇v
〉
+ (−∆)2v
〈
y − x,∇u
〉)
=−
∫
∂Ω
(∂(−∆u)
∂ν
〈
y − x,∇v
〉
+
∂(−∆v)
∂ν
〈
y − x,∇u
〉)
+
∫
∂Ω
(
(−∆u)
〈
y − x,∇
∂v
∂ν
〉
+ (−∆v)
〈
y − x,∇
∂u
∂ν
〉)
+
∫
∂Ω
(
(−∆u)
∂v
∂ν
+ (−∆v)
∂u
∂ν
)
+
∫
∂Ω
〈
y − x, ν
〉
∆u∆v −
N − 4
2
∫
∂Ω
(∂u
∂ν
∆v − u
∂∆v
∂ν
+
∂v
∂ν
∆u− v
∂∆u
∂ν
)
−
N − 4
2
∫
Ω
(
v(−∆)2u+ u(−∆)2v
)
,
(3.13)
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since
4
∫
Ω
∆u∆v +
∫
Ω
〈
y − x,∇(∆u∆v)
〉
=
∫
∂Ω
〈
y − x, ν
〉
∆u∆v − (N − 4)
∫
Ω
∆u∆v
=
∫
∂Ω
〈
y − x, ν
〉
∆u∆v −
N − 4
2
∫
∂Ω
(∂u
∂ν
∆v − u
∂∆v
∂ν
+
∂v
∂ν
∆u− v
∂∆u
∂ν
)
−
N − 4
2
∫
Ω
(
v(−∆)2u+ u(−∆)2v
)
.
For any integer m > 2, we assume that the result is true for any integer up to m − 1.
First, we have
− 2
∫
Ω
(
(−∆)m−1u∆v + (−∆)m−1v∆u
)
=− 2
∫
∂Ω
(
(−∆)m−1u
∂v
∂ν
− (−∆)m−1
∂u
∂ν
v + (−∆)m−1v
∂u
∂ν
− (−∆)m−1
∂v
∂ν
u
)
+ 2
∫
Ω
(
(−∆)mu)v + (−∆)mv)u
)
.
(3.14)
Moreover, by the induction assumption, we obtain by using the integration by parts,
−
∫
Ω
(
(−∆)m−1u
〈
y − x,∇∆v
〉
+ (−∆)m−1v
〈
y − x,∇∆u
〉)
=
∫
∂Ω
gm−2(−∆u,−∆v)−
N − 2(m− 2)
2
∫
Ω
(
(−∆v)(−∆)m−1u+ (−∆u)(−∆)m−1v
)
=
∫
∂Ω
gm(u, v)−
N − 2(m− 2)
2
∫
Ω
(
v(−∆)mu+ u(−∆)mv
)
.
(3.15)
Hence, the result for any m follows from (3.12), (3.14) and (3.15). 
Remark 3.4. From (3.14) and (3.15), we can find the formula for l˜2m−1(∇
2m−1u, v):
l˜2m−1(∇
2m−1u, v) = −
N − 2m
2
∫
∂Ω
∂(−∆)m−1u
∂ν
v. (3.16)
3.2. The bubbling solutions. Let uL =
∑∞
i=1 Uxi,L,µi,L + ωL be a solution of (P ), which
satisfies (1.5), (1.6) and (1.8). In this section, we will estimate µj,L and |xj,L − Pj|. We
will use various Pohozaev identities to achieve this.
Using Propositions 3.1 and 3.3, we can obtain the following two Pohozaev identities:
1
2
∫
∂Bδ(xj,L)
fm,i(uL, uL) =
1
m∗
∫
∂Bδ(xj,L)
K(y)um
∗
L νi −
1
m∗
∫
Bδ(xj,L)
∂K(y)
∂yi
um
∗
L , (3.17)
and
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1
2
∫
∂Bδ(xj,L)
gm(uL, uL)
=
1
m∗
∫
∂Bδ(xj,L)
K(y)um
∗
L
〈
y − xj,L, ν
〉
−
1
m∗
∫
Bδ(xj,L)
〈
∇K(y), y − xj,L
〉
um
∗
L ,
(3.18)
where ν is the outward unit normal of ∂Bδ(xj,L). We will estimate each term in (3.17) and
(3.18).
We denote µL = maxj µj,L. Note that for y ∈ ∂Bδ(xj,L),
Uxj,L,µj,L =
C˜m
µ
N−2m
2
j,L
m−1∑
i=0
αi
µ2ij,L|y − xj,L|
N−2m+2i
+O
( 1
µ
N+2m
2
L
)
, (3.19)
where α0 = 1, and αi 6= 0 is a constant, i = 1, · · · , m− 1.
Let
Vj,L(y) =
C˜m
µ
N−2m
2
j,L
m−1∑
i=0
αi
µ2ij,L|y − xj,L|
N−2m+2i
. (3.20)
Then, we have
uL(y) =Vj,L(y) +O
( 1
µ
N+2m
2
L
+
1
µ
N−2m
2
L L
N−2m
+
‖ωL‖∗
µτL
)
, y ∈ ∂Bδ(xj,L). (3.21)
Since
(−∆)m−i
1
|y − xj,L|N−2(m−i)
= 0, in RN \ {xj,L},
we have
(−∆)m
αi
µ2ij,L|y − xj,L|
N−2m+2i
= 0, in RN \ {xj,L}. (3.22)
So on ∂Bδ(xj,L), the leading term Vj,L(y) of uL is an m-harmonic function. From this
observation, by using Propositions 3.1 and 3.3, the estimates of the surface integrals on
∂Bδ(xj,L) in the left hand side of (3.17) and (3.18) for Vj,L(y) can be reduced to the
estimates of the surface integrals on ∂Bθ(xj,L) for any small number θ > 0, which can be
done because we know the singular behavior at xj,L of the function Vj,L(y).
Lemma 3.5. Relation (3.17) is equivalent to∫
Bδ(xj,L)
∂K(y)
∂yi
Um
∗
xj,L,µj,L
=O
( 1
µNL
+
1
µN−2mL L
N−2m
+
maxi |xi,L − Pi|
β
µ
N−2m
2
+τ
L
+
maxi |xi,L − Pi|
2β
µ2τL
+max
i
|xi,L − Pi|
m∗β
)
.
(3.23)
Proof. It follows from (3.21) that∫
∂Bδ(xj,L)
K(y)um
∗
L νi = O
( 1
µNL
)
. (3.24)
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To estimate the left hand side of (3.17), noting that Vj,L(y) is a function of |y − xj,L|,
we use Remark 3.2 to obtain
LHS of (3.17)
=
1
2
∫
∂Bδ(xj,L)
fm,i(Vj,L, Vj,L) +O
( 1
µNL
+
1
µN−2mL L
N−2m
+
‖ωL‖∗
µ
N−2m
2
+τ
L
+
‖ωL‖
2
∗
µ2τL
)
=O
( 1
µNL
+
1
µN−2mL L
N−2m
+
‖ωL‖∗
µ
N−2m
2
+τ
L
+
‖ωL‖
2
∗
µ2τL
)
.
(3.25)
Moreover, from∫
Bδ(xj,L)
(
Um
∗−1
xj,L,µj,L
∑
i 6=j
Uxj,L,µj,L +
(∑
i 6=j
Uxj,L,µj,L
)m∗)
= O
( 1
µN−2mL L
N−2m
+
1
µNL
)
,
we find∫
Bδ(xj,L)
∂K(y)
∂yi
um
∗
L =
∫
Bδ(xj,L)
∂K(y)
∂yi
Um
∗
xj,L,µj,L
+O
( 1
µN−2mL L
N−2m
+
1
µNL
)
+O
(
‖ωL‖∗
( 1
µ
N+2m
2
L
+ |xj,L − Pj|
β
)
+ ‖ωL‖
m∗
∗
)
.
(3.26)
Thus, (3.23) follows from (3.24), (3.25) and (3.26). 
Lemma 3.6. Relation (3.18) is equivalent to
1
µβj,L
− B
∑
i 6=j
1
µ
N−2m
2
i,L µ
N−2m
2
j,L |xi,L − xj,L|
N−2m
=O
( 1
µNL
+
1
µN−2m+2L L
N−2m
+
1
µN−2mL L
2(N−2m)
+
1
µβ+1L
+
maxi |xi,L − Pi|
µβ−1L
+
maxi |xi,L − Pi|
β−1
µL
)
,
(3.27)
where B > 0 is a constant.
Proof. We first estimate the left hand side of (3.18). We have
uL(y) =Vj,L(y) +
∑
i 6=j
C˜m
µ
N−2m
2
i,L |y − xi,L|
N−2m
+O
( 1
µ
N+2m
2
L
+
1
µ
N−2m
2
+2
L L
N−2m+2
+
‖ωL‖∗
µτL
)
, y ∈ ∂Bδ(xj,L).
(3.28)
Let
Qj,L(y) = Vj,L(y) +
∑
i 6=j
C˜m
µ
N−2m
2
i,L |y − xi,L|
N−2m
=: Vj,L(y) +Rj,L(y). (3.29)
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We have∫
∂Bδ(xj,L)
gm(uL, uL)
=
∫
∂Bδ(xj,L)
gm(Qj,L, Qj,L) +O
( 1
µNL
+
1
µN−2m+2L L
N−2m+2
+
‖ωL‖∗
µ
N−2m
2
+τ
L
+
‖ωL‖
2
∗
µ2τL
)
.
(3.30)
Note that Rj,L(y) is bounded on ∂Bδ(xj,L). Now we compute∫
∂Bδ(xj,L)
gm(Qj,L, Qj,L)
=
∫
∂Bδ(xj,L)
gm(Vj,L, Vj,L) + 2
∫
∂Bδ(xj,L)
gm(Vj,L, Rj,L) +
∫
∂Bδ(xj,L)
gm(Rj,L, Rj,L)
=
∫
∂Bδ(xj,L)
gm(Vj,L, Vj,L) + 2
∫
∂Bδ(xj,L)
gm(Vj,L, Rj,L) +O
( 1
µN−2mL L
2(N−2m)
)
.
(3.31)
Moreover, from the definition of Vj,L, we get∫
∂Bδ(xj,L)
gm(Vj,L, Rj,L)
=
C˜m
µ
N−2m
2
j,L
∫
∂Bδ(xj,L)
gm(
1
|y − xj,L|N−2m
, Rj,L) +O
( 1
µN−2m+2L L
N−2m
)
.
(3.32)
Note that both 1
|y−xj,L|N−2m
and Rj,L are m-harmonic in Ω = Bδ(xj,L) \ Bθ(xj,L), where
θ > 0 is any small constant. We apply Proposition 3.3 in Ω to obtain∫
∂Bδ(xj,L)
gm(
1
|y − xj,L|N−2m
, Rj,L) =
∫
∂Bθ(xj,L)
gm(
1
|y − xj,L|N−2m
, Rj,L). (3.33)
Since Rj,L and its derivatives are bounded on ∂Bθ(xj,L), we find that the term in (3.10)
satisfies
|l¯l(y − xj,L,∇
l 1
|y − xj,L|N−2m
,∇2m−lRj,L)| ≤
C
|y − xj,L|N−2
, l = 0, · · · , 2m− 1.
As a result, as θ → 0,∫
∂Bθ(xj,L)
l¯l(y − xj,L,∇
l 1
|y − xj,L|N−2m
,∇2m−lRj,L)→ 0, l = 0, · · · , 2m− 1. (3.34)
For l = 0, · · · , 2m− 2, the other terms in (3.10) satisfies
|l˜l(∇
l 1
|y − xj,L|N−2m
,∇2m−l−1Rj,L)| ≤
C
|y − xj,L|N−2
.
Therefore,∫
∂Bθ(xj,L)
l˜l(∇
l 1
|y − xj,L|N−2m
,∇2m−l−1Rj,L)→ 0, l = 0, · · · , 2m− 2, as θ→ 0. (3.35)
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Using (3.16), we have∫
∂Bθ(xj,L)
l˜2m−1(∇
2m−1 1
|y − xj,L|N−2m
, Rj,L)
=−
N − 2m
2
∫
∂Bθ(xj,L)
∂[(−∆)m−1 1
|y−xj,L|N−2m
]
∂ν
Rj,L.
(3.36)
The function (−∆)m−1 1
|y−xj,L|N−2m
depends on |y − xj,L| only, which satisfies
−∆[(−∆)m−1
1
|y − xj,L|N−2m
] = cmδxj,L ,
for some constant cm > 0. As a result, there is a constant c
′
m > 0, such that
(−∆)m−1
1
|y − xj,L|N−2m
=
c′m
|y − xj,L|N−2
.
This, together with (3.36) gives∫
∂Bθ(xj,L)
l˜0(∇
2m−1 1
|y − xj,L|N−2m
, Rj,L) =
(N − 2)(N − 2m)
2
c′m
θN−1
∫
∂Bθ(xj,L)
Rj,L
=
∑
i 6=j
Bm
µ
N−2m
2
i,L |xj,L − xi,L|
N−2m
(
1 + oθ(1)
)
,
(3.37)
where Bm > 0 is a constant.
Combining (3.32)–(3.37), we conclude the existence of some constant B′m > 0 such that
2
∫
∂Bδ(xj,L)
gm(Vj,L, Rj,L)
=
∑
i 6=j
B′m
µ
N−2m
2
j,L µ
N−2m
2
i,L |xj,L − xi,L|
N−2m
+O
( 1
µN−2m+2L L
N−2m
)
.
(3.38)
We are now to estimate∫
∂Bδ(xj,L)
gm(Vj,L, Vj,L)
=
C˜2m
µN−2mj,L
m−1∑
h=0
m−1∑
k=0
αhαk
µ2hj,Lµ
2k
j,L
∫
∂Bδ(xj,L)
gm
( 1
|y − xj,L|N−2m+2h
,
1
|y − xj,L|N−2m+2k
)
.
(3.39)
Since 1
|y−xj,L|N−2m+2h
and 1
|y−xj,L|N−2m+2k
are m-harmonic in Bδ(xj,L) \ Bθ(xj,L), we can use
Proposition 3.3 to obtain∫
∂Bδ(xj,L)
gm
( 1
|y − xj,L|N−2m+2h
,
1
|y − xj,L|N−2m+2k
)
=
∫
∂Bθ(xj,L)
gm
( 1
|y − xj,L|N−2m+2h
,
1
|y − xj,L|N−2m+2k
)
.
(3.40)
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On the other hand, we have
gm
( 1
|y − xj,L|N−2m+2h
,
1
|y − xj,L|N−2m+2k
)
=
2m−1∑
l=1
l¯l(y − xj,L,∇
l 1
|y − xj,L|N−2m+2h
,∇2m−l
1
|y − xj,L|N−2m+2k
)
+
2m−1∑
l=0
l˜l(∇
l 1
|y − xj,L|N−2m+2h
,∇2m−l−1
1
|y − xj,L|N−2m+2k
)
=
1
|y − xj,L|2N−2m+2(h+k)−1
f¯h,k(ω), ω ∈ S
N−1,
(3.41)
where f¯h,k is some function defined on S
N−1. Thus (3.40) and (3.41) yield∫
∂Bδ(xj,L)
gm
( 1
|y − xj,L|N−2m+2h
,
1
|y − xj,L|N−2m+2k
)
=
1
θN−2m+2(h+k)
∫
SN−1
f¯h,k(ω). (3.42)
Since the left hand side of (3.42) is finite and N − 2m + 2(h + k) > 0, we conclude∫
SN−1
f¯h,k(ω) = 0, which gives∫
∂Bδ(xj,L)
gm
( 1
|y − xj,L|N−2m+2h
,
1
|y − xj,L|N−2m+2k
)
= 0. (3.43)
Therefore, we have proved ∫
∂Bδ(xj,L)
gm(Vj,L, Vj,L) = 0. (3.44)
Inserting (3.38) and (3.44) into (3.31), we obtain∫
∂Bδ(xj,L)
gm(Qj,L, Qj,L)
=
∑
i 6=j
B′m
µ
N−2m
2
j,L µ
N−2m
2
i,L |xj,L − xi,L|
N−2m
+O
( 1
µN−2m+2L L
N−2m
+
1
µN−2mL L
2(N−2m)
)
.
(3.45)
From (3.30) and (3.45), we get
LHS of (3.18) =
∑
i 6=j
B′m
µ
N−2m
2
j,L µ
N−2m
2
i,L |xj,L − xi,L|
N−2m
+O
( 1
µNL
+
1
µN−2m+2L L
N−2m
+
maxi |xi,L − Pi|
β
µ
N−2m
2
+τ
L
+
maxi |xi,L − Pi|
2β
µ2τL
+
1
µN−2mL L
2(N−2m)
)
.
(3.46)
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We now estimate the right hand side of of (3.18). Firstly, we have∫
∂Bδ(xj,L)
K(y)um
∗
L
〈
y − xj,L, ν
〉
= O
( 1
µNL
)
. (3.47)
On the other hand,
−
1
m∗
∫
Bδ(xj,L)
〈
∇K(y), y − xj,L
〉
um
∗
L
=−
β
m∗
∫
Bδ(xj,L)
N∑
i=1
ai|yi − xj,i,L|
βum
∗
L
+O
(maxi |xi,L − Pi|
µβ−1L
+
maxi |xi,L − Pi|
β−1
µL
+
maxi |xi,L − Pi|
m∗β
µm
∗τ
L
+
1
µβ+1j,L
)
=−
β
N∑
i=1
ai
m∗Nµβj,L
∫
RN
|y|βUm
∗
0,1
+O
(maxi |xi,L − Pi|
µβ−1L
+
maxi |xi,L − Pi|
β−1
µL
+
maxi |xi,L − Pi|
m∗β
µm
∗τ
L
+
1
µβ+1j,L
)
.
(3.48)
Thus, the desired result follows from (3.46), (3.47) and (3.48). 
Proposition 3.7. It holds |xj,L − Pj | = O
(
1
µ2j,L
)
.
Proof. With the same arguments as those of [14], we can verify the estimates µL|xj,L−Pj | ≤
C and
µ
β
L
µN−2mL L
N−2m
≤ C for some 0 < C <∞. Hence we may assume µL(xj,L − Pj)→ x0,
which implies that∫
Bδ(xj,L)
∂K(y)
∂yi
Um
∗
xj,L,µj,L
=aiβ
∫
Bδµj,L (0)
|µ−1j,Lyi + xj,i,L − Pj,i|
β−2(µ−1j,Lyi + xj,i,L − Pj,i)U
m∗
0,1 +O
( 1
µβj,L
)
=
aiβ
µβ−1j,L
(∫
Bδµj,L (0)
|yi + x0,i|
β−2(yi + x0,i)U
m∗
0,1 + o(1)
)
+O
( 1
µβj,L
)
.
(3.49)
It follows from (3.23) and (3.49) that∫
Bδµj,L (0)
|yi + x0,i|
β−2(yi + x0,i)U
m∗
0,1 = o(1), (3.50)
which yields x0 = 0.
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Noting that
∫
Bδµj,L (0)
|yi|
β−2yiU
m∗
0,1 = 0, we obtain∫
Bδ(xj,L)
∂K(y)
∂yi
Um
∗
xj,L,µj,L
=
aiβ(β − 1)
µβ−1j,L
∫
Bδµj,L (0)
|yi|
β−2Um
∗
0,1 µj,L(xj,i,L − Pj,i) +O
( 1
µβj,L
)
,
(3.51)
which, together with Lemma 3.5, implies µj,L(xj,i,L−Pj,i) = O
(
1
µj,L
)
. Therefore |xj,L−Pj | =
O
(
1
µ2j,L
)
. 
Proposition 3.8. It holds µj,L = L
N−2m
β−N+2m
(
B¯j+O
(
1
L
N−2m
β−N+2m
))
, for some constant B¯j > 0.
Proof. Noting that |xj,L − Pj| = O
(
1
µ2j,L
)
, we find
1
|xi,L − xj,L|N−2m
=
1
(|Pi − Pj |+O
(
1
µ2L
)
)N−2m
=
1
|P˜i − P˜j |N−2mLN−2m
(
1 +O
( 1
|P˜i − P˜j |Lµ2L
))
.
As a result, we see that (3.27) is equivalent to
1
µβj,L
= B
∑
i 6=j
1
µ
N−2m
2
i,L µ
N−2m
2
j,L L
N−2m|P˜i − P˜j |N−2m
+O
( 1
µLµ
N−2m
L L
N−2m
+
1
µβ+1j,L
)
. (3.52)
Since we assume that 0 < µ0 ≤
µi,L
µj,L
≤ µ′0, we can easily deduce from (3.52) that
0 < c′0L
N−2m
β−N+2m ≤ µi,L ≤ c
′
1L
N−2m
β−N+2m .
Let 1
µ
N−2m
2
i,L
=
ai,L
L
(N−2m)2
2(β−N+2m)
. Then, 0 < c0 ≤ aj,L ≤ c1 < +∞, and
aκj,L = B
∑
i 6=j
ai,L
|P˜i − P˜j |N−2m
+O
( 1
µj,L
)
,
where κ =
β−N−2m
2
N−2m
2
> 1. Hence, from Lemma D.2, we obtain aj,L = aj + O
(
1
µj,L
)
for some
aj > 0. 
3.3. Local uniqueness. Suppose that problem (P ) have two different solutions u
(1)
L and
u
(2)
L , which blow up at Pj, j = 1, 2, · · · . For k = 1, 2, we use x
(k)
j,L and µ
(k)
j,L to denote the
center and the height of the bubbles appearing in u
(k)
L , respectively.
Let
ηL =
u
(1)
L − u
(2)
L
‖u
(1)
L − u
(2)
L ‖∗
. (3.53)
Then, ηL satisfies ‖ηL‖∗ = 1 and
(−∆)mηL = f(y, u
(1)
L , u
(2)
L ), (3.54)
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where
f(y, u
(1)
L , u
(2)
L ) =
1
‖u
(1)
L − u
(2)
L ‖∗
K(y)
(
(u
(1)
L )
m∗−1 − (u
(2)
L )
m∗−1
)
. (3.55)
Write
f(y, u
(1)
L , u
(2)
L ) = K(y)cL(y)ηL(y), (3.56)
where
cL(y) = (m
∗ − 1)
∫ 1
0
(
tu
(1)
L (y) + (1− t)u
(2)
L (y)
)m∗−2
dt. (3.57)
It follows from Propositions 3.7 and 3.8 that
U
x
(1)
i,L,µ
(1)
i,L
− U
x
(2)
i,L,µ
(2)
i,L
=O
(
|x
(1)
i,L − x
(2)
i,L||∇Ux(1)i,L,µ
(1)
i,L
|+ |µ
(1)
i,L − µ
(2)
i,L||∂µUx(1)i,L,µ
(1)
i,L
|
)
=O
( 1
µL
U
x
(1)
i,L,µ
(1)
i,L
)
,
which gives
u
(1)
L − u
(2)
L = O
( 1
µL
∞∑
i=1
U
x
(1)
i,L,µ
(1)
i,L
+ |ω
(1)
L |+ |ω
(2)
L |
)
. (3.58)
Thus, we have proved
cL(y) =(m
∗ − 1)Um
∗−2
x
(1)
j,L,µ
(1)
j,L
+O
(( 1
µL
U
x
(1)
j,L
,µ
(1)
j,L
+
1
µ
N−2m
2
L L
N−2m
+ |ω
(1)
L |+ |ω
(2)
L |
)m∗−2)
, y ∈ Bd(x
(1)
j,L).
(3.59)
Using the Ho¨lder inequality, noting that ‖ω
(i)
L ‖∗ = o(1), we can deduce
|f(z, u
(1)
L , u
(2)
L )| ≤ CW
m∗−2
L,x(1),µ(1)
|ηL(z)|+ C(|ω
(1)
L (z)|
m∗−2 + |ω
(2)
L (z)|
m∗−2)|ηL(z)|
≤CWm
∗−2
L,x(1),µ(1)
|ηL(z)| + o(1)‖ηL‖∗σ(z)
( ∞∑
j=1
(µ
(1)
j,L)
N−2m
2
(1 + µ
(1)
j,L|y − x
(1)
j,L|)
N−2m
2
+τ
)m∗−1
≤CWm
∗−2
L,x(1),µ(1)
|ηL(z)| + o(1)‖ηL‖∗σ(z)
∞∑
j=1
(µ
(1)
j,L)
N+2m
2
(1 + µ
(1)
j,L|y − x
(1)
j,L|)
N+2m
2
+τ
,
(3.60)
where WL,x,µ is defined by (A.8) in Appendix A.
Similar to the proof of Lemma A.4, we deduce from (3.60) that
|ηL(y)|
(
σ(y)
∞∑
i=1
(µ
(1)
i,L)
N−2m
2
(1 + µ
(1)
i,L|y − x
(1)
i,L|)
N−2m
2
+τ
)−1
≤ C
(
o(1)||ηL||∗ +
∞∑
j=1
1
(1+µ
(1)
i,L
|z−x
(1)
j,L
|)
N−2m
2 +τ+θ˜
∞∑
j=1
1
(1+µ
(1)
i,L|z−x
(1)
j,L|)
N−2m
2 +τ
||ηL||∗
)
.
(3.61)
22 YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN
To obtain a contradiction, we just need to show that |ηL(y)| = o(1) in ∪jBR(µ(1)j,L)−1
(x
(1)
j,L),
which will be achieved by using the Pohozaev identities in the small ball Bd(x
(1)
j,L).
Let
η˜L,j(y) =
( 1
µ
(1)
j,L
)N−2m
2 ηL(
1
µ
(1)
j,L
y + x
(1)
j,L). (3.62)
Lemma 3.9. It holds
η˜L,j(y)→
N∑
k=0
bj,kψk(y), as L→∞, (3.63)
uniformly in Cm(BR(0)) for any R > 0, where bj,k, k = 0, · · · , N , are some constants, and
ψ0 =
∂U0,λ
∂λ
∣∣∣
λ=1
, ψj =
∂U0,1
∂yj
, j = 1, · · · , N. (3.64)
Proof. In view of |η˜L,j| ≤ C in any compact subset of R
N , we may assume that η˜L,j → ξj
in Cloc(R
N ). Then it follows from the elliptic regularity theory and (3.54) and (3.59) that
ξj satisfies
(−∆)mξj = (m
∗ − 1)Um
∗−2
0,1 ξj, in R
N , (3.65)
which combining with the non-degeneracy of U0,1 gives
ξj =
N∑
k=0
bj,kψk. (3.66)

Let G(y, x) = Cm|y − x|
2m−N be the corresponding Green’s function of (−∆)m in RN .
Lemma 3.10. We have the following estimate:
ηL(x) =
∞∑
j=1
2m−1∑
|α|=0
Aj,L,α∂
αG(x
(1)
j,L, x) +O
( 1
µ
N+2m
2
−θ
L
)
:=
∞∑
j=1
Fj,m,L(x) +O
( 1
µ
N+2m
2
−θ
L
)
, in C2m−1
(
R
N \ ∪∞j=1B2σ(x
(1)
j,L)
)
,
(3.67)
where σ > 0 is any small constant, ∂αG(y, x) = ∂
|α|G(y,x)
∂y
αi,1
1 ···∂y
αi,N
N
, α = (αi,1, · · · , αi,N), and the
constants Aj,L,α satisfy the following estimates:
Aj,L,0 =
∫
Bσ(x
(1)
j,L)
f(y, u
(1)
L (y), u
(2)
L (y)) dy = o
( 1
µ
N−2m
2
L
)
, (3.68)
Aj,L,α = O
( 1
µ
N−2m
2
+|α|
L
)
, |α| ≥ 1. (3.69)
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Proof. Denote f ∗L(y) = f(y, u
(1)
L (y), u
(2)
L (y)). We have
ηL(x) =
∫
RN
G(y, x)f ∗L(y) dy
=
∞∑
j=1
∫
Bσ(x
(1)
j,L)
G(y, x)f ∗L(y) dy +
∫
RN\∪jBσ(x
(1)
j,L)
G(y, x)f ∗L(y) dy
=
∞∑
j=1
2m−1∑
|α|=0
Aj,L,α∂
αG(x
(1)
j,L, x)
+
∞∑
j=1
O
(∫
Bσ(x
(1)
j,L)
|y − x
(1)
j,L|
2m|f ∗L(y)| dy
)
+
∫
RN\∪jBσ(x
(1)
j,L)
G(y, x)f ∗L(y) dy.
(3.70)
For y ∈ RN \ ∪jBσ(x
(1)
j,L), noting that τ =
N−2m
2
− ϑ for ϑ > 0 small, similarly to (3.60)
and (A.6), we find
|f ∗L(y)| ≤Cµ
−τ
L
( 1
µ2mL
+ (µ−τL ‖ω
(1)
L ‖∗)
m∗−2
)( ∞∑
j=1
1
|y − x
(1)
j,L|
N−2m
2
+τ
)m∗−1
≤Cµ
−N+2m
2
+ϑ
L
∞∑
j=1
1
|y − x
(1)
j,L|
N+2m
2
+τ
.
Thus, we have
∫
RN\∪jBσ(x
(1)
j,L)
G(y, x)f ∗L(y) dy ≤ Cµ
−N+2m
2
+ϑ
L
∞∑
j=1
1
|x− x
(1)
j,L|
N−2m
2
+τ
≤
C
µ
N+2m
2
−ϑ
L
. (3.71)
Similarly, by Lemma A.3
∫
Bσ(x
(1)
j,L)
|y − x
(1)
j,L|
2m|f ∗L|
≤C
∫
Bσ(x
(1)
j,L
)
|y − x
(1)
j,L|
2m
(µ
(1)
j,L)
N+2m
2
(1 + µ
(1)
j,L|y − x
(1)
j,L|)
(N−2m
2
+τ)(m∗−1)
≤
C
(µ
(1)
j,L)
N+2m
2
−(m∗−1)ϑ
∫
Bσ(x
(1)
j,L)
1
|y − x
(1)
j,L|
N−ϑ(m∗−1)
≤
C
µ
N+2m
2
−(m∗−1)ϑ
L
.
(3.72)
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Inserting (3.72) and (3.71) into (3.70), we obtain (3.67). Similarly, we can prove that
(3.67) holds in C2m−1
(
R
N \ ∪∞j=1B2σ(x
(1)
j,L)
)
. It remains to estimate Aj,L,α.
Aj,L,0 =
∫
Bσ(x
(1)
j,L)
f(y, u
(1)
L (y), u
(2)
L (y)) dy
=
1
(µ
(1)
j,L)
N−2m
∫
BR(0)
1
(µ
(1)
j,L)
2m
f ∗L(
1
µ
(1)
j,L
y + x
(1)
j,L) dy
+
1
(µ
(1)
j,L)
N−2m
2
O
(∫
B
σµ
(1)
j,L
(0)\BR(0)
1
|y|(N−2m−ϑ)(m∗−1)
dy
)
=
1
(µ
(1)
j,L)
N−2m
2
(
m∗ − 1)
∫
RN
U
2∗(m)−2
0,1
N∑
k=0
bj,kψk + o(1)
)
= o
( 1
µ
N−2m
2
L
)
.
(3.73)
If |α| ≥ 1, then
|Aj,L,α| ≤ C
∫
Bσ(x
(1)
j,L)
|y − x
(1)
j,L|
|α||f(y, u
(1)
L (y), u
(2)
L (y))| = O
( 1
µ
N−2m
2
+|α|
L
)
. (3.74)

Using (3.17) and (3.18), we can deduce the following identities:∫
∂Bd(x
(1)
j,L)
fm,i(ηL, u
(1)
L ) +
∫
∂Bd(x
(1)
j,L)
fm,i(u
(2)
L , ηL)
=
∫
∂Bd(x
(1)
j,L)
K(y)CL(y)ηLνi −
∫
Bd(x
(1)
j,L)
∂K(y)
∂yi
CL(y)ηL,
(3.75)
and ∫
∂Bd(x
(1)
j,L)
gm(ηL, u
(1)
L ) +
∫
∂Bd(x
(1)
j,L)
gm(u
(2)
L , ηL)
=
∫
∂Bd(x
(1)
j,L)
K(x)CL(y)ηL
〈
y − x
(1)
j,L, ν
〉
−
∫
Bd(x
(1)
j,L)
〈
∇K(y), y − x
(1)
j,L
〉
CL(y)ηL,
(3.76)
where CL(y) =
∫ 1
0
(tu
(1)
L + (1− t)u
(2)
L )
m∗−1 dt and d > 0 is a small constant.
Similar to (3.59), we can deduce
CL(y) = U
m∗−1
x
(1)
j,L,µ
(1)
j,L
+O
(( 1
µL
U
x
(1)
j,L,µ
(1)
j,L
+
1
µ
N−2m
2
L L
N−2m
+ |ω
(1)
L |+ |ω
(2)
L |
)m∗−1)
, y ∈ Bd(x
(1)
j,L).
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To estimate the boundary terms in (3.75) and (3.76), we need the following estimates which
can be deduced from Proposition C.1 and Lemma 3.10.
u
(k)
L (y) =
C˜m
(µ
(k)
j,L)
N−2m
2
m−1∑
i=0
αi
(µ
(k)
j,L)
2i|y − x
(k)
j,L|
N−2m+2i
+O
( 1
µ
N−2m
2
L L
N−2m
+
1
µ
N+2m
2
L
)
=:V
(k)
L +O
( 1
µ
N−2m
2
L L
N−2m
+
1
µ
N+2m
2
L
)
, y ∈ ∂Bd(x
(k)
j,L),
(3.78)
and
ηL(y) = Fj,m,L(y) +O
( 1
µ
N+2m
2
−θ
L
)
+ o
( 1
µ
N−2m
2 LN−2m
)
, y ∈ ∂Bd(x
(1)
j,L). (3.79)
Proof of Theorem 1.2 . Step 1. We prove bj,k = 0, k = 1, · · · , N . We need to estimate
each term in (3.75). From (3.77), we obtain∫
∂Bd(x
(1)
j,L)
K(y)CL(y)ηLνi = O
( 1
µNL
)
, (3.80)
and
−
∫
Bd(x
(1)
j,L
)
∂K(y)
∂yi
CL(y)ηL
=−
βai
(µ
(1)
j,L)
β−1+N+2m
2
∫
B
dµ
(1)
j,L
(0)
|yi|
β−2yiCL(
1
µ
(1)
j,L
y + x
(1)
j,L)η˜L,j +O
( 1
µβL
)
=−
βai
(µ
(1)
j,L)
β−1
(∫
BR(0)
|yi|
β−2yiU
m∗−1
0,1
N∑
k=0
bj,kψk + o(1)
)
+O
( 1
µβL
)
=−
βai
(µ
(1)
j,L)
β−1
(
bj,i
∫
RN
|yi|
β−2yiU
m∗−1
0,1 ψi + o(1)
)
+O
( 1
µβL
)
.
(3.81)
Combining (3.80) and (3.81), we are led to
RHS of (3.75) = −
βai
(µ
(1)
j,L)
β−1
(
bj,i
∫
RN
|yi|
β−2yiU
2∗(m)−1
0,1 ψi + o(1)
)
+O
( 1
µβL
)
. (3.82)
To estimate the left hand side of (3.75), using (3.78), we have
LHS of (3.75) =
∫
∂Bd(x
(1)
j,L)
fm,i(Fj,m,L, V
(1)
L ) +
∫
∂Bd(x
(1)
j,L)
fm,i(V
(2)
L , Fj,m,L)
+ o
( 1
µN−2mL L
N−2m
)
+O
( 1
µNL
)
.
(3.83)
Now we claim that
26 YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN
∫
∂Bd(x
(1)
j,L)
fm,i(Fj,m,L, V
(1)
L ) = 0,
∫
∂Bd(x
(1)
j,L)
fm,i(V
(2)
L , Fj,m,L) = 0. (3.84)
This gives
LHS of (3.75) = o
( 1
µN−2mL L
N−2m
)
+O
( 1
µNL
)
. (3.85)
Hence, (3.82) and (3.85) imply bj,i = 0, i = 1, · · · , N .
It remains to prove (3.84). We just prove the second integral in (3.84) is zero. Note that
this integral is a linear combination of the following integrals∫
∂Bd(x
(1)
j,L)
fm,i
(
∂αG(x
(2)
j,L, x),
1
|y − x
(2)
j,L|
N−2m+2i
)
. (3.86)
So, we just need to prove that the integral defined in (3.86) is zero.
Since 1
|y−x
(2)
j,L|
N−2m+2i
and ∂αG(x
(2)
j,L, x) are m-harmonic in Bd(x
(1)
j,L) \Bθ(x
(2)
j,L), by Proposi-
tion 3.1, we find ∫
∂Bd(x
(1)
j,L)
fm,i
(
∂αG(x
(2)
j,L, x),
1
|y − x
(2)
j,L|
N−2m+2i
)
=
∫
∂Bθ(x
(2)
j,L)
fm,i
(
∂αG(x
(2)
j,L, x),
1
|y − x
(2)
j,L|
N−2m+2i
)
.
(3.87)
By using the same arguments as in (3.40)–(3.43), we can prove∫
∂Bθ(x
(2)
j,L)
fm,i
(
∂αG(x
(2)
j,L, x),
1
|y − x
(2)
j,L|
N−2m+2i
)
= 0. (3.88)
Step 2. We prove bj,0 = 0. It is easy to deduce
RHS of (3.76)
=−
β
(µ
(1)
j,L)
β
(∫
RN
N∑
i=1
ai|yi|
βUm
∗−1
0,1
N∑
k=0
bj,kψk + o(1)
)
+O
( 1
µNL
)
=−
β
N∑
i=1
ai
N(µ
(1)
j,L)
β
(
bj,0
∫
RN
|y|βUm
∗−1
0,1 ψ0 + o(1)
)
+O
( 1
µNL
)
.
(3.89)
It follows from (3.78) and (3.79) that
LHS of (3.76) =
∫
∂Bd(x
(1)
j,L)
gm(Fj,m,L, V
(1)
L ) +
∫
∂Bd(x
(1)
j,L)
gm(V
(2)
L , Fj,m,L)
+ o
( 1
µN−2mL L
N−2m
)
+O
( 1
µNL
)
.
(3.90)
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Similar to the proof of (3.84) in Step 1, we can prove∫
∂Bd(x
(1)
j,L)
gm(Fj,m,L, V
(1)
L ) = 0,
∫
∂Bd(x
(1)
j,L)
gm(V
(2)
L , Fj,m,L) = 0. (3.91)
Therefore
LHS of (3.76) = o
( 1
µN−2mL L
N−2m
)
+O
( 1
µNL
)
. (3.92)
Combining (3.89) and (3.92), we are led to
bj,0
∫
RN
|y|βUm
∗−1
0,1 ψ0 = o(1). (3.93)
This gives bj,0 = 0. 
Proof of Theorem 1.3. To prove that uL is periodic in y1, we let
vL(y) = uL(y1 − L, y2, · · · , yN).
Then, vL is a bubbling solution whose blow-up set is the same as that of uL. By the local
uniqueness, vL = uL. Similarly, we can prove that uL is periodic in yj, j = 2, · · · , k. 
Appendix A. Some basic estimates
In this section, we give some technical lemmas. Throughout Appendixes A, B, C and
D, we will use the same notations as before and we also use the same C to denote different
constants unless otherwise stated. The proof of the following two Lemmas can be found
in [35].
Lemma A.1. Let xi, xj ∈ R
N , xi 6= xj, i 6= j, it holds
1
(1 + |y − xi|)α(1 + |y − xj |)β
≤
C
(1 + |xi − xj |)σ
(
1
(1 + |y − xj |)α+β−σ
+
1
(1 + |y − xi|)α+β−σ
),
where α and β are some positive constants, 0 < σ ≤ min(α, β).
Lemma A.2. For any constant 0 < σ < N−2m, there exists a constant C = C(N, σ) > 1
such that ∫
RN
dz
|y − z|N−2m(1 + |z|)2m+σ
≤
C
(1 + |y|)σ
.
Set
Ωi := {y ∈ R
N such that |y − xi| ≤ |y − xj |, for all j 6= i}.
Lemma A.3. For any θ > k, there exists a constant C, such that∑
j
1
(1 + µj|y − xj |)θ
≤
C
(1 + µi|y − xi|)θ
, y ∈ Bi := B1(xi). (A.1)
28 YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN
Proof. For y ∈ B1(xi), it holds |y − xj | ≥
1
2
|xi − xj |. As a result,
∑
j 6=i
1
(1 + µj |y − xj |)θ
≤
∑
j 6=i
C
(µj|xi − xj |)θ
≤
C
(µiL)θ
≤
C
(1 + µi|y − xi|)θ
.

The following lemma is the main ingredient in the discussion of the existence and the
local uniqueness of bubbling solutions blowing-up at k-dimensional lattice for k ≥ 1.
Lemma A.4. Suppose N > 2m + 2, 1 ≤ k < N−2m
2
and denote µ¯ = min{µ1, · · · , µn}.
Then there exists θ˜ > 0 small, such that
∫
RN
1
|y − z|N−2m
W
4m
N−2m
n (z)σ(z)
∑
j
µ
N−2m
2
j
(1 + µj |z − xj |)
N−2m
2
+τ
dz
≤ Cσ(y)
∑
j
µ
N−2m
2
j
(1 + µj|y − xj |)
N−2m
2
+τ+θ˜
+
C
µ¯ϑ˜
σ(y)
∑
j
µ
N−2m
2
j
(1 + µj |y − xj |)
N−2m
2
+τ
.
Proof. By Lemma A.3, if z ∈ B1(xi), we have
W
4m
N−2m
n
∑
j
µ
N−2m
2
j
(1 + µj|z − xj |)
N−2m
2
+τ
≤ C
µ
N−2m
2
+2m
i
(1 + µi|z − xi|)
N−2m
2
+4m+τ
. (A.2)
By Lemma A.2, we have
∫
Ωi∩Bi
1
|y − z|N−2m
W
4m
N−2m
n (z)σ(z)
∑
j
µ
N−2m
2
j
(1 + µj |z − xj |)
N−2m
2
+τ
dz
≤ C
∫
Ωi∩Bi
1
|y − z|N−2m
µ
N−2m
2
+2m
i
(1 + µi|z − xi|)
N−2m
2
+4m+τ
(
1 + µi|z − xi|
µi
)τ−1
≤
Cµ
N−2m
2
+1−τ
i
(1 + µi|y − xi|)
min(N−2m
2
+2m+1,N−2m)
≤ (
1 + µi|y − xi|
µi
)τ−1
Cµ
N−2m
2
i
(1 + µi|y − xi|)
N−2m
2
+τ+θ˜
.
(A.3)
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Similarly, we have∫
Ωi∩Bi
1
|y − z|N−2m
W
4m
N−2m
n (z)σ(z)
∑
j
µ
N−2m
2
j
(1 + µj|z − xj |)
N−2m
2
+τ
dz
≤ C
∫
Ωi∩Bi
1
|y − z|N−2m
µ
N−2m
2
+2m
i
(1 + µi|z − xi|)
N−2m
2
+4m+τ
≤
Cµ
N−2m
2
i
(1 + µi|y − xi|)
N−2m
2
+τ+θ˜
,
(A.4)
which, together with (A.3), gives∫
Ωi∩Bi
1
|y − z|N−2m
W
4m
N−2m
n (z)σ(z)
∑
j
µ
N−2m
2
j
(1 + µj|z − xj |)
N−2m
2
+τ
dz
≤
Cσ(y)
(1 + |y − xi|)
N−2m
2
+τ+θ˜
.
(A.5)
We have the following inequality:
(∑
j
µ
N−2m
2
j
(1 + µj|y − xj |)
N−2m
2
+τ
)m∗−1
≤C
∑
j
µ
N+2m
2
j
(1 + µj|y − xj |)
N+2m
2
+τ
(∑
j
1
(1 + µj|y − xj |)τ
) 4m
N−2m
≤C
∑
j
µ
N+2m
2
j
(1 + µj|y − xj |)
N+2m
2
+τ
.
(A.6)
If z ∈ RN \ ∪jB1(xj), then
Wn(z) = O
( 1
µ¯ϑ
)∑
j
µ
N−2m
2
j
(1 + µj |z − xj |)
N−2m
2
+τ
.
Thus, we have
W
4m
N−2m
n
∑
j
µ
N−2m
2
j
(1 + µj|z − xj |)
N−2m
2
+τ
≤
C
µ¯ϑ
(∑
j
µ
N−2m
2
j
(1 + µj|z − xj |)
N−2m
2
+τ
)m∗−1
≤
C
µ¯ϑ
∑
j
µ
N+2m
2
j
(1 + µj|z − xj |)
N+2m
2
+τ
, ∀ z ∈ RN \ ∪jB1(xj).
(A.7)
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Then, the result follows from Lemma A.2. 
Set
WL,x,µ =
∞∑
i=1
Uxi,L,µi,L . (A.8)
Define
N(ωL) = K(y)
((
WL,x,µ + ωL
)m∗−1
+
−Wm
∗−1
L,x,µ − (m
∗ − 1)Wm
∗−2
L,x,µ ωL
)
, (A.9)
and
lL = K(y)W
m∗
L,x,µ −
∞∑
j=1
Um
∗−1
xj,L,µj,L
. (A.10)
We now estimate N(ωL) and lL.
Lemma A.5. If N > 2m+ 2, then
‖N(ωL)‖∗∗ ≤ C‖ωL‖
min(m∗−1,2)
∗ .
Proof. We have
|N(ωL)| ≤
{
C|ωL|
m∗−1, N ≥ 6m;
CWm
∗−3
L,x,µ ω
2
L + C|ωL|
m∗−1, N < 6m.
Since τ = N−2m
2
− ϑ, k < N−2m
2
and ϑ > 0 is small, we find that if N < 6m, then
Wm
∗−3
L,x,µ ≤ C
(∑
j
µ
N−2m
2
j,L
(1 + µj,L|z − xj,L|)
N−2m
2
+τ
)m∗−3
.
As a result,
|N(ωL)| ≤ Cσ(z)
(∑
j
µ
N−2m
2
j,L
(1 + µj,L|z − xj,L|)
N−2m
2
+τ
)m∗−1
‖ωL‖
min(m∗−1,2)
∗ .
The result follows (A.6).

Lemma A.6. If N > 2m+ 2, then
‖lL‖∗∗ ≤ C
( 1
µ
min(N+2m
2
−τ,β−τ+1)
L
+max
i
|xi,L − Pi|
β
)
,
where µL = minj µj,L.
Proof. We have
lL = K(y)
(
Wm
∗−1
L,x,µ −
∑
j
Um
∗−1
xj,L,µj,L
)
+
(
K(y)− 1
)∑
j
Um
∗−1
xj,L,µj,L
:= J1 + J2.
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Assume y ∈ Ωi. Then,
|J1| ≤C
µ2mi,L
(1 + µi,L|y − xi,L|)4m
∑
j 6=i
µ
N−2m
2
j,L
(1 + µj,L|y − xj,L|)N−2m
+ C
(∑
j 6=i
µ
N−2m
2
j,L
(1 + µj,L|y − xj,L|)N−2m
)m∗−1
:= J11 + J12.
(A.11)
Since |y − xj,L| ≥ |y − xi,L| for y ∈ Ωi, we find
|J11| ≤
Cµ
N+2m
2
i,L
(1 + µi,L|y − xi,L|)
N+2m
2
+τ
∑
j 6=i
1
(µi,L|xj,L − xi,L|)
N+2m
2
−τ
, (A.12)
and
|J11| ≤
Cµ
N+2m
2
i,L
(1 + µi,L|y − xi,L|)
N+2m
2
+τ
(1 + µi,L|y − xi,L|
µi
)τ−1∑
j 6=i
µτ−1j,L
(µi,L|xj,L − xi,L|)
N+2m
2
−1
.
(A.13)
Hence, we obtain
‖J11‖∗∗ ≤
C
(µLL)
N+2m
2
−τ
. (A.14)
Similarly, we can also prove
‖J12‖∗∗ ≤
C
(µLL)
N+2m
2
−τ
. (A.15)
Thus, (A.14) and (A.15) yield
‖J1‖∗∗ ≤
C
(µLL)
N+2m
2
−τ
. (A.16)
Now, we estimate J2. Similar to the proof of (A.16), we have
∑
j 6=i
Um
∗−1
xj,L,µj,L
≤
Cσ(y)µ
N+2m
2
i,L
(1 + µi,L|y − xi,L|)
N+2m
2
+τ
1
(µLL)
N+2m
2
−τ
, y ∈ Ωi. (A.17)
We also have
|K(y)− 1|Um
∗−1
xi,L,µi,L
≤
Cµ
N+2m
2
i,L
(1 + µi,L|y − xi,L|)
N+2m
2
+τ
1
µ
N+2m
2
−τ
i,L
, |y − xi,L| ≥ 1. (A.18)
If |y − xi,L| ≤ 1,
|K(y)− 1|Um
∗−1
xi,L,µi,L
≤ C|y − Pi|
βUm
∗−1
xi,L,µi,L
≤
Cσ(y)µ
N+2m
2
i,L
(1 + µi,L|y − xi,L|)
N+2m
2
+τ
(σ(y))−1
( |xi,L − Pi|β + |y − xi,L|β
(1 + µi,L|y − xi,L|)
N+2m
2
−τ
)
.
(A.19)
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Noting that for any τ1 ∈ [1,
N−2m
2
), we have
|y − xi,L|
β
(1 + µi,L|y − xi,L|)
N+2m
2
−τ1
≤


C
µ
β
i,L
, if β − N+2m
2
+ τ1 ≤ 0;
C
µ
N+2m
2 −τ1
i,L
, if β − N+2m
2
+ τ1 > 0.
Hence, we have proved
‖J2‖∗∗ ≤
C
µ
min(N+2m
2
−τ,β−τ+1)
L
+ Cmax
i
|xi,L − Pi|
β. (A.20)

Appendix B. Asymptotic energy expansion
Lemma B.1. . There are constants C1 6= 0 and C2 > 0, such that∫
RN
K(y)Um
∗−1
i
∂Ui
∂xi,j
=
ajC1
µβ−2i
(Pi,j − xi,j) +O
( 1
µβ−1+θi
+ |xi − Pi|
β−1
)
, (B.1)
∫
RN
K(y)Um
∗−1
i
∂Ui
∂µi
= −
C2
∑N
j=1 aj
µβ+1i
+O
( 1
µβ+1+θi
+
|xi − Pi|
β−2
µ3i
)
. (B.2)
Proof. We first prove (B.1). We have∫
RN
K(y)Um
∗−1
i
∂Ui
∂xi,j
=
1
m∗
∫
RN
∂K(y)
∂yj
Um
∗
i
=
β
m∗
∫
RN
aj |µ
−1
i yj + Pi,j − xi,j |
β−2(µ−1i yj + Pi,j − xi,j)U
m∗
0,1
+O
( 1
µβ−1+θi
+ |xi − Pi|
β−1+θ
)
=
ajC1
µβ−2i
(Pi,j − xi,j) +O
( 1
µβ−1+θi
+ |xi − Pi|
β−1
)
.
Now we prove (B.2). Using ∫
RN
Um
∗−1
i
∂Ui
∂µi
= 0,
we find∫
RN
K(y)Um
∗−1
i
∂Ui
∂µi
=
∫
RN
N∑
j=1
aj|yj − Pi,j|
βUm
∗−1
i
∂Ui
∂µi
+O
( 1
µβ+1+θi
)
=
1
m∗
∫
RN
∂
∂µi
N∑
j=1
aj |µ
−1
i yj + xi,j − Pi,j|
βUm
∗
0,1 dy +O
( 1
µβ+1+θi
)
= −
C2
∑N
j=1 aj
µβ+1i
+O
( 1
µβ+1+θi
+
|xi − Pi|
β−2
µ3i
)
.
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We complete the proof of Lemma B.1. 
Lemma B.2. Set W (x) =
∑
i
Ui. Here the sum can be from 1 to n, or from 1 to infinity.
Then for j = 1, · · · , N ,∫
RN
(−∆)mWZi,jdy −
∫
RN
K(y)Wm
∗−1Zi,jdy
=
ajC1
µβ−2i
(Pi,j − xi,j) +O
( 1
µβ−1+θi
+ |xi − Pi|
β−1+θ +
1
µN−2mL L
N−2m+1
)
.
Proof. We have∫
RN
(−∆)mWZi,jdy =
∫
RN
∑
l
Um
∗−1
l Zi,jdy = O
( 1
µNLN+2m+1
)
. (B.3)
On the other hand,∫
RN
K(y)Wm
∗−1Zi,jdy −
∫
RN
K(y)Um
∗−1
i Zi,jdy
= (m∗ − 1)
∫
RN
K(y)Um
∗−2
i Zi,j
∑
l 6=i
Ul +O
(∫
RN
|Zi,j|
(∑
l 6=i
Ul
)m∗−1)
= O
( 1
µN−2mLN−2m+1
)
.
(B.4)
Combining (B.3), (B.4) and Lemma B.1, we obtain the desired result in Lemma B.2. 
Lemma B.3. There exists some constant C > 0 independent of i, j, n, such that∫
RN
(−∆)mWZi,N+1dy −
∫
RN
K(y)Wm
∗−1Zi,N+1dy
=
C2
∑N
j=1 aj
µβ+1i
+
∑
l 6=i
C4
µi(µiµl)
N−2m
2 |xi − xl|N−2m
+O
( 1
µβ+1+θi
+ |xi − Pi|
β−1+θ +
1
µN−2m+1+θL L
N−2m+θ
)
.
Proof. Similar to (B.4), we can deduce∫
RN
K(y)Wm
∗−1Zi,N+1dy −
∫
RN
K(y)Um
∗−1
i Zi,N+1dy
= (m∗ − 1)
∫
RN
K(y)Um
∗−2
i Zi,N+1
∑
l 6=i
Ul +O
( 1
µNLN+2m+1
)
= (m∗ − 1)
∫
RN
Um
∗−2
i Zi,N+1
∑
l 6=i
Ul
+O
( 1
µβ+1+θi
+ |xi − Pi|
β−1+θ +
1
µN−2m+1+θL L
N−2m+θ
)
,
34 YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN
which, together with Lemma B.1, gives the result.

Appendix C. Estimate of the error term
Let uL be a solution of (P ) with the form
uL =WL,x,µ + ωL, WL,x,µ =
+∞∑
j=1
Uxj,L,µj,L, (C.1)
satisfying (1.5), (1.6) and (1.8). In this section, we will estimate the error term ωL.
It is easy to see that ωL satisfies the following equation:
(−∆)mωL − (m
∗ − 1)K(y)Wm
∗−2
L,x,µ ωL = N(ωL) + lL, (C.2)
where lL and N(ωL) are defined in (A.9) and (A.10) respectively.
By assumption (1.5), we have ‖ωL‖∗ → 0 as L→ +∞.
Note that in the decomposition (C.1), we do not assume that ωL ∈ Hn. See (2.2) for
the definition of Hn. Let us point out that xj,L and C˜mµ
N−2m
2
j,L may not be a maximum
point and the maximum value of uL in Bδ(xj,L), respectively. Let x¯j,L ∈ B1(Pj) be such
that uL(x¯j,L) = maxB1(Pj) uL := C˜mµ¯
N−2m
2
j,L . From (1.5), we can deduce that as L → +∞,
µ¯j,L = µj,L(1 + oL(1)), and µj,L(x¯j,L − xj,L) = oL(1). As a result, we have
Uxj,L,µj,L − Ux¯j,L,µ¯j,L
=O
(
|µj,L(x¯j,L − xj,L)|+ µ
−1
L |µ¯j,L − µj,L|
)
Ux¯j,L,µ¯j,L = oL(1)Ux¯j,L,µ¯j,L,
and
|ωL(x)| = oL(1)
∞∑
j=−∞
µ¯
N−2m
2
j,L
(1 + µ¯j,L|y − x¯j,L|)
N−2m
2
+τ
.
So, we find that in (C.1), xj,L and µj,L can be replaced by x¯j,L and µ¯j,L respectively. For
simplicity, in the following, we still use xj,L and µj,L to denote x¯j,L and µ¯j,L respectively.
Thus in (C.1), it holds
|ωL(xj,L)| = O
( 1
µ
N−2m
2
j,L L
N−2m
)
, |∇ωL(xj,L)| = O
( 1
µ
N−2m
2
j,L L
N−2m+1
)
. (C.3)
In the following, we will use (C.2) to estimate ωL.
Proposition C.1. It holds
‖ωL‖∗ ≤
C
µ
min(N+2m
2
−τ,β−τ+1)
L
+ Cmax
i
|xi,L − Pi|
β.
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Proof. In the existence part, we already know that
|ωL(y)|
(
σ(y)
∑
i
µ
N−2m
2
i,L
(1 + µi,L|y − xi,L|)
N−2m
2
+τ
)−1
≤C
(
‖ωL‖
min(m∗−1,2)
∗ + ‖lL‖∗∗
)
+ C‖ωL‖∗
∑
i
1
(1+µi,L|y−xi,L|)
N−2m
2 +τ+θ˜∑
i
1
(1+µi,L|y−xi,L|)
N−2m
2 +τ
,
(C.4)
where θ˜ > 0 is a constant.
Suppose that there is y ∈ RN \ ∪∞j=1BRµ−1j,L
(xj,L) for some large R > 0, such that ‖ω‖∗ is
achieved at y. Then, (C.4) gives
‖ωL‖∗ ≤ C
(
‖ωL‖
min(m∗−1,2)
∗ + ‖lL‖∗∗
)
+ oR(1)‖ωL‖∗. (C.5)
Since ‖ωL‖∗ → 0 as L→ +∞, we obtain
‖ωL‖∗ ≤ C‖lL‖∗∗. (C.6)
Suppose that ‖ω‖∗ is achieved at y ∈ BRµ−1
j,L
(xj,L). Let
ω˜L(y) = µ
−N−2m
2
j,L ωL(µ
−1
j,Ly + xj,L),
and
|||ω˜L|||∗ = sup
y∈RN
(
σ(µ−1j,Ly + xj,L)
∞∑
i=1
µ
−N−2m
2
j,L µ
N−2m
2
i,L
(1 +
µi,L
µj,L
|y − µj,L(xi,L − xj,L)|)
N−2m
2
+τ
)−1
|ω˜L(y)|.
Then |||ω˜L|||∗ is achieved at some y ∈ BR(0).
Suppose that
||ωL||∗ ≥ NL
( 1
µ
min(N+2m
2
−τ,β−τ+1)
L
+ Cmax
i
|xi,L − Pi|
β
)
,
for some NL →∞. Then as L→ +∞, ηL =
ω˜L
|||ω˜L|||∗
converges to η 6= 0, which satisfies
(−∆)mη − (m∗ − 1)Um
∗−2
0,1 η = 0, in R
N ,
since ‖lL‖∗∗
||ω˜L||∗
≤ C
NL
→ 0. This gives
η = α0
∂U0,µ
∂µ
∣∣
µ=1
+
N∑
j=1
αj
∂U0,1
∂xj
,
for some constant αj.
On the other hand, we have
ω˜L(0) = µ
−N−2m
2
j,L ωL(xj,L) = O
( 1
µN−2mL L
N−2m
)
,
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∇ω˜L(0) = µ
−N−2m+2
2
j,L ∇ωL(xj,L) = O
( 1
µN−2m+1L L
N−2m+1
)
.
So, we find η(0) = 0 and ∇η(0) = 0, which implies α0 = α1 = · · · = αN = 0. This is a
contradiction.

Corollary C.2. For any δ > 0, we have
‖ωL(x)‖C2m−1(B2δ(xj,L)\B 1
2 δ
(xj,L)) ≤
C
µτL
( 1
µ
min(N+2m
2
−τ,β−τ+1)
L
+max
i
|xi,L − Pi|
β
)
.
Proof. It follows from Proposition C.1 that
|ωL(x)| ≤ ‖ωL(x)‖∗
∞∑
j=1
µ
N−2m
2
j,L
(1 + µj,L|y − xj,L|)
N−2m
2
+τ
≤
C
µτL
( 1
µ
min(N+2m
2
−τ,β−τ+1)
L
+max
i
|xi,L − Pi|
β
)
, x ∈ B4δ(xj,L) \B 1
4
δ(xj,L).
On the other hand, from (C.2), using the Lp estimates, we can deduce that for any p > 1,
‖ωL‖W 2m,p(B2δ(xj,L)\B 1
2 δ
(xj,L))
≤ C‖ωL‖L∞(B4δ(xj,L)\B 1
4 δ
(xj,L))
+C‖(m∗ − 1)K(y)Wm
∗−2
L,x,µ ωL +N(ωL) + lL‖L∞(B4δ(xj,L)\B 1
4 δ
(xj,L))
≤ C‖ωL‖L∞(B4δ(xj,L)\B 1
4 δ
(xj,L)) + C
(
‖N(ωL)‖∗∗ + ‖lL‖∗∗
) 1
µτ
.
The result follows from Lemmas A.5 and A.6. 
Appendix D. Some basic lemmas
For any integer n ≥ 2, consider the following equations:
|aj |
β−1aj −
n∑
i=1
djiai = 0, j = 1, · · · , n, (D.1)
where β > 1 is a constant, dij satisfies dii = 0, i = 1, · · · , k, dij > 0, dij = dji, i 6= j, and
c1 ≥ maxj
∑n
i=1 dji ≥ minj
∑n
i=1 dji ≥ c0 > 0. It is easy to see that if a = (a1, · · · , ak)
satisfies (D.1), then a is a critical point of the function defined as
F (x) =
1
β + 1
n∑
j=1
|xj |
β+1 −
1
2
n∑
i=1
n∑
j=1
dijxixj . (D.2)
It is easy to show that minx∈Rn F (x) < 0 is achieved at a 6= 0. Moreover, from dij ≥ 0,
we can assume aj ≥ 0, j = 1, · · · , n. Using (D.1), if aj = 0 for some j, then ai = 0 for all
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i 6= j. Moreover, from (D.1), we find
(max
j
aj)
β−1 ≤ max
j
n∑
i=1
dji, (min
j
aj)
β−1 ≥ min
j
n∑
i=1
dji ≥ c0 > 0. (D.3)
We now prove the following result.
Lemma D.1. The solution of (D.1) is unique if aj > 0, j = 1, · · · , n. Moreover, if we
define the linear operator A as follows:
(AX)j = βa
β−1
j xj −
n∑
i=1
djixi, j = 1, · · · , n. (D.4)
Then ‖AX‖ ≥ c′‖X‖ for some c′ > 0, where the norm for X is defined as ‖X‖ = maxj |xj|.
Proof. This lemma was proved in [14]. For the readers’ convenience, we give its proof here.
Suppose that (D.1) has two solutions a = (a1, · · · , an) and b = (b1, · · · , bn), aj > 0,
bj > 0, j = 1, · · · , n. Let T = maxj
aj−bj
aj
. We have two possibilities. (i) T ≤ 0, (ii) T > 0.
If T ≤ 0, then aj ≤ bj for all j = 1, · · · , n. So we can define T1 = supj
tj
aj
, tj = bj−aj ≥ 0.
Then bβj ≥ a
β
j + βa
β−1
j (bj − aj). So
βaβ−1j (bj − aj) ≤
n∑
i=1
dji(bi − ai) ≤ T1
n∑
i=1
djiai = T1a
β
j ,
which implies βT1 ≤ T1. So T1 = 0.
If T > 0, then there is a j, such that
aj−bj
aj
= T > 0. As a result,
βaβ−1j (aj − bj) ≤
n∑
i=1
dji(ai − bi) ≤ T
n∑
i=1
djiai = Ta
β
j ,
which implies βT ≤ T . So T = 0. This is a contradiction.
To prove the last part, for any X with ‖X‖ = 1, we let x = supj
|xj |
aj
. Then
|
n∑
i=1
djixi| ≤ x
n∑
i=1
djiai = xa
β
j .
As a result,
|(AX)j| ≥ βa
β−1
j |xj | − xa
β
j = a
β
j
(
β
|xj |
aj
− x
)
.
Since β > 1, we can choose j, such that
|(AX)j| ≥ a
β
j
(
β
|xj |
aj
− x
)
≥ c′ > 0.

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Now we consider
aβj −
n∑
i=1
djiai = 0, j = 1, · · · , . (D.5)
Using Lemma D.1 and (D.5), we can easily prove the following result.
Lemma D.2. Equation (D.5) has a unique solution aj > 0, j = 1, · · · ,. Moreover, if we
define the linear operator A as follows:
(AX)j = βa
β−1
j xj −
∞∑
i=1
djixi, j = 1, · · · , . (D.6)
Then ‖AX‖ ≥ c′‖X‖ for some c′ > 0, where the norm for X is defined as ‖X‖ = maxj |xj|.
Acknowledgment. The first and second authors are supported by NSFC(11171171,
11331010,11328101). The third author is partially supported by ARC (DP130102773).
References
[1] A. Ambrosetti, G. Azorero and I. Peral, Perturbation of −∆u − u
N+2
N−2 = 0, the scalar curvature
problem in RN and related topics, J. Funct. Anal., 165(1999), 117-149.
[2] A. Bahri and J. Coron, The scalar curvature problem on the standard three dimentional sphere, J.
Funct. Anal., 95(1991), 106-172.
[3] T. Bartsch and T. Weth, Multiple solutions of a critical polyharmonic equation, J. Reine Angew.
Math., 571(2004), 131-143.
[4] T. Bartsch, T. Weth and M. Willem, A Sobolev inequality with remainder term and critical equations
on domains with topology of the domain, Calc. Var. Partial Differential Equations, 18(2003), 253-268.
[5] G. Bianchi and H. Egnell, An ODE approach to the equation −∆u+Ku
N+2
N−2 = 0 in RN , Math. Z.,
210(1992), 137-166.
[6] T. Branson, Group representations arising from Lorentz conformal geomtry, J. Funct. Anal.,
74(1987), 199-291.
[7] D. Cao, E. Noussair and S. Yan, On the scalar curvature equation −∆u = (1 + εK)u
N+2
N−2 in RN ,
Calc. Var. Partial Differential Equations, 15(2002), 403-419.
[8] S.Y. A. Chang, P. Yang, A perturbation result in prescribing scalar curvature on Sn, Duke Math. J.
64(1991), 27–69.
[9] S. Y. A. Chang, M. Gursky and P. C. Yang, Prescribing scalar curvature on S2 and S3, Calc. Var.
Partial Differential Equations, 1(1993), 205-229.
[10] S. Y. A. Chang and P. C. Yang, Partial differential equations related to the Gauss-Bonnet-Chern
integrand on 4−manifolds, Proc. Conformal, Riemannian and Lagrangian Geometry, Univ. Lecture
Ser., vol. 27, Amer. math. Soc., Providence, RI, 2002, 1-30.
[11] C.-C. Chen and C.-S. Lin, Estimates of the conformal scalar curvature equation via the method of
moving planes, Comm. Pure Appl. Math., 50(1997), 971–1017.
[12] C.-C. Chen and C.-S. Lin, Prescribing scalar curvature on SN . I. A priori estimates, J. Differential
Geom., 57(2001), 67-171.
[13] C. C. Chen and C. S. Lin, Estimate of the conformal scalar curvature equation via the method of
moving planes, II, J. Differential Geom., 49(1998), 115-178.
[14] Y. Deng, C. -S. Lin and S. Yan, On the prescribed scalar curvature problem in RN , local uniqueness
and periodicity, submitted.
[15] D. E. Edmunds, D. Fortunato and E. Jannelli, Critical exponents, critical dimensions and biharmonic
operator, Arch Ration. Mech. Anal., 112(1990), 269-289.
EXISTENCE, LOCAL UNIQUENESS OF BUBBLING SOLUTIONS 39
[16] F. Gazzola, H. Grunau and M. Squassina, Existence and non-existence results for critical growth
biharmonic elliptic equations, Calc. Var. Partial Differential Equations, 18(2003), 117–243.
[17] L. Glangetas, Uniqueness of positive solutions of a nonlinear equation involving the critical exponent,
Nonlinear Anal. T.M.A., 20(1993), 571–603.
[18] H. Grunau, Positive solutions to semilinear polyharmonic Dirichlet problem operators involving
critical Sobolev exponents, Calc. Var. Partial Differential Equations, 3(1995), 243-252.
[19] H. Grunau and G. Sweers, The maximum principle and positive principle eigenfunctions for poly-
harmonic equations, Lect. Notes Pure Appl. Math., 194(1998), 163-182.
[20] H. Grunau and G. Sweers, Positivity for equations involving polyharmonic operators with Dirichlet
boundary conditions, Math. Ann., 307(1997), 588-626.
[21] Y. Y. Li, On −∆u = K(x)u5 in R3, Comm. Pure Appl. Math., 46(1993), 303-340.
[22] Y. Y. Li, Prescribing scalar curvature on S3, S4 and related problems, J. Funct. Anal., 118(1993),
43-118.
[23] Y. Y. Li, Prescribing scalar curvature on Sn and related problems, Part I, J. Differential Equations,
120(1995), 319-410.
[24] Y. Y. Li, Prescribed scalar curvature on Sn and related problems II, Existence and comapctness,
Comm. Pure Appl. Math., 49(1996), 541-597.
[25] Y. Y. Li and L. Nirenberg, the Dirichlet problem for singular perturbed elliptic equations, Comm.
Partial Differential Equations, 23(1998), 487-545.
[26] Y. Y. Li, J. Wei and H. Xu, Multi-bump solutions of −∆u = K(x)u
n+2
n−2 on lattices in Rn, preprint.
[27] Y. Li and W.-M. Ni, On the conformal scalar curvature equation in RN , Duke Math. J., 57(1988),
859-924.
[28] C. S. Lin, S. S. Lin, Positive radial solutions for ∆u+K(x)u
N+2
N−2 = 0 in RN and related topics, Appl.
Anal. 38(1990), 121-159.
[29] B. A. Mohamed, E. M. Khalil and H. Mokhless, Some existence results for a Paneitz type problem
via the theory of critical points at infinity, J. Math Pures Appl., 84(2005), 247-278.
[30] S. Paneitz, A quartic conformally covariant differential operator for arbitrary pseudo-Riemannian
manifolds, preprint.
[31] P. Pucci and J. Serrin, A general variational identity, Indiana Univ. Math. J., 35(1986), 681-703.
[32] P. Pucci and J. Serrin, Critical exponents and critical dimensions for polyharmonic operators, J.
Math. Pures Appl., 69(1990), 55-83.
[33] R. Schoen and D. Zhang, Prescribed calar curvature problem on the n−sphere, Calc. Var. Partial
Differential Equations 4(1996), 1-25.
[34] J. Wei and X. Xu, Classification of solutions of higher order conformally invariant equation, Math.
Ann., 313(1999), 207-228.
[35] J. Wei, S. Yan, Infinitely many solutions for the prescribed scalar curcature problem on SN , J. Funct.
Anal., 258 (2010), 3048-3081.
[36] S. Yan, Concentration of solutions for the scalar curvature equation on RN , J. Differential Equations,
163(2000), 239-264.
Department of Mathematical Science, Tsinghua University
E-mail address : yguo@math.tsinghua.edu.cn
School of Mathematics and Statistics, Central China Normal University, Wuhan, P.
R. China
E-mail address : sjpeng@mail.ccnu.edu.cn
Department of Mathematics, The University of New England, Armidale, NSW 2351,
Australia
E-mail address : syan@turing.une.edu.au
